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DEFINITIONS AND PROPERTIES OF J(x,y)
The function J(x,y) can be defined (Goldstein, 1953) by:
where I 0 (z) is the modified Bessel function of the first kind, of order zero, with argument z. The form (1) appears to have been used most frequently in technical applications. Other, equivalent forms have been derived by Anzelius (1926) :
and by Terazawa (1922) and Goldstein (1932 Goldstein ( , 1953 :
where J 0 (z) and J 1 (z) are the Bessel functions of the first kind, of orders
zero and one respectively, with argument z. Vermeulen and Hiester (1952) appear to have been the first to use the symbol J(x,y) for this function.
;Mathematical properties of J(x,y) have been summarized by Goldstein (1953) and, more extensively, by Luke (1962) . Some of the more useful properties derivable from (1) are listed below, where subscripts x and y indicate partial differentiation.
J (x, y) + J (y, x) = 1 + e-x-y r 0 (2'VXy),
\.
• ,.
J x x' y) = -e 10 ( 2 VXy) . 
APPLICATIONS
The function J(x,y) and related functions occur in the analytical solutions of a variety of technical problems. A sampling of such problems is given below with two detailed examplesi the reader is referred to the original literature for detailed statements of other problems, including governing differential equations, initial conditions, and boundary conditions.
(1) heat exchange and heat transport: 1947~ Hougen and Marshall, 1948~ Klinkenberg, 1948~ Carslaw and Jaeger, 1959 .
(2) hydrodynamics: Terazawa, 1922 (p. 99); Goldstein, 1932 (pp. 66-72) .
(3) probability and statistics:
Bose, 1947~ Brinkley, 1947~ Masters, 1955. (4) fluid flow in pipes, electric current in cables: Binnie and Miller, 1955. (5) mass transport in porous media with interphase mass transfer:
(a) convective transport only: Thomas, 1944 Thomas, , 1948 Thomas, , 1949 Walter, 1945; Hiester and Vermeulen, 1952; Hiester, 1952~ Goldstein, 1953; Opler and Hiester, 1954; Gardner and Brooks, 1957 • (a) convective and dispersive t'ransport: Lapidus and Amundson, 1952; Ogata, 1961 Ogata, , 1964 Ogata, , 1969 Ogata, , 1970 Ogata, , 1976 Banks and Igbal, 1964; Eldor and Dagan, 1972~ Lindstrom and Narasimhan, 1973; Lindstrom, 1976; Cameron and Klute, 1977; deSmedt and Wierenga, 1979a , 1979b~ Carnahan and Remer, 1981 Two detailed examples of applications of the function J(x,y) in problems concerning mass transport with interphase mass transfer are set forth below.
The first example considers purely convective transport with a nonlinear expression for the rate of mass transfer. The second example considers convective and dispersive transport with a linear rate expression. Hiester and Vermeulen (1952) (6) and (7) 
rate expression used here corresponds to "Langmuir" sorption in which q is much smaller than the sorptive capacity of the solid. Initial conditions are:
and the boundary conditions are
The solutions to (10) and (11) satisfying (12) - (14) were found to be: (8) and (9) could be evaluated by use of tables of the function J(x,y), it is evident that numerical evaluation of the irreducible integrals in (15) and (16) requires an efficient computational scheme for J(x,y). (l) Bose (1947) has tabulated the function L(P,p,A) where
For the case p = 2,
(2) reported an unpublished table of the probability, p(r,R), that the point of impact of a missile aimed at the origin of coordinates will lie within a circle of radius r whose center is dis~ance R from the origin; p(r,R) is sometimes called the offset circular probability function, and was defined by
The Rand ~orporation (1951) has tabulated the offset circular prohability function q(R,r), where
Then, J{x,y) = q(V2X. \f2y) (4) Wilson (1951) An asymptotic expansion in a series of Bessel functions was attributed to L. Onsager and was described by Thomas (1944 Thomas ( , 1948 . Asymptotic expansions whi-ch are more easily implemented numerically have been derived by Goldstein (1953) .
The available analytical approximations are not accurate enough for evaluation of expressions such as (15) and ( If the modified Bessel function in (1) is expanded in the series (Olver, 1965) 00 (18) and the integration is performed term by term, the following r~sult is obtained:
This or equivalent results have been stated by Thomas (1944 Thomas ( , 1948 , Walter (1945 ), and deSmedt and Wierenga (1979a , 1979b ). An alternative form, stated by deSmedt and Wierenga (1979a Wierenga ( , 1979b , can be derived by using (19) to write J(y,x) and finding J(x,y) by use of (4) thus far, is less than 1 x 10 • Then if both x and y equal 116, the double sum equals about 10 100 , and if both x and y equal 372, the double 322 sum equals about 10 , which is the upper limit of the range of real constants allowed by the CDC-7600 computer in use at this laboratory. In both examples, the value of J(x,x) is about o.s.
The problems of slow convergence and out-of-range computations encountered in use of (19) and (20) can be minimized by application of available asymptotic expansions of the function J(X,y). We have adapted several expansions given by Goldstein (1953) to computations of J(x,y) with large values of the arguments, our principal modification being the substitution of an asymptotic expansion of the modified Bessel function of the first kind of order zero wherever the Bessel function occurs in Goldstein's equations. We have also derived recursion relations for the coefficients occurring in the expansions.
The asymptotic expansion of the modified Bessel function of the first kind of order zero with argument z is (Goldstein, 1953) : 
The following computational scheme provides J(n)(x,x), the approximation of ,J ( x, x) including terms through m = n:
n Define the relative difference, R , hetween successive approximations n J ( n ) ( x , y) by
In this case,
....
" ' "'
...
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The computational scheme for J(x,x) gives R = 5xlo-8 for x = ioo and n n = 2, and R = 8 x 10-7 for x = 10 and n = 3. In contrast, use of (19) n requires 152 terms in the outer summation to achieve R = 8 x 10-7 with n x = y = 100. It is noted that (23) begins to diverge (~ > ~-l) at a value of m approximately equal to 4x + 1, and if a desired R value has not n been achieved by this step, it never will be achieved. For this reason, use of (23) If sis large while s I z < 1/2, we have -z e J(x,y) 'V ---S (x,y) for n < 1 co 2V2TIE;.
-z J(x,y) 'V 1 + e S 00 (x,y) for n > 1 2\}27rf;. .,z) = 1, 8m (E;., z) = 1 + LBm,k(E;.,z) k=1 (24) .
The following computational scheme provides J{n)(x,y):
Compute B (F;,z) according to (24). 
In (25) and (26) prov1 es x,y : with RlO = 2.3 x 10 .
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The following asymptotic expansion 1s useful when F, is large and z is neither very large nor very small relative to F, , in particular when F,~ z~ 2s: The following computational scheme provides J(n)(x,y): tiW.
Using arguments x = 100, y 
